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ABSTRACT 
In their common paper [An. Stiint. Univ. A1. I. Cuza Iasi. Mat. (N.S.) 43 (1997) 307-321] the authors 
give a condition for a 1-form/3 to be the perturbation of a Riemannian manifold (M, ~) such that the 
manifold equipped with any (a, fl)-metric s a Wagner manifold with respect to the Wagner connection 
induced by/~. The condition shows that its covariant derivative with respect to the L6vi-Civita connection 
must be of a special form 
(Vfl)(X, Y) = Ilfl~ ll2ot(X, Y) -,8(X)fl(r). 
In this paper we give a family of Riemannian manifolds admitting nontrivial so utions and it will be 
proved as a structure theorem that there are no further essentially different examples; in particular 
we consider the classical hyperbolic space together with a nontrivial solution. Examples of Wagnerian 
Finsler manifolds are given in the last section. 
1. INTRODUCTION 
Let M be a connected ifferentiable manifold equipped with a function 
F:TM---~ R 
such that the following conditions are satisfied: 
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(i) for any nonzero tangent vector v ~ TM: F(v) > 0 and F(O) = O, 
(ii) for any positive real number t ~ R: F(tv) = tF(v), i.e., F is positively 
homogeneous of degree 1, 
(iii) F is continuous on the tangent manifold TM and smooth except he zero 
section, 
(iv) for any nonzero tangent vector v ~ Tp M, the mapping 
gv :TpM x TpM --+ IR, (w, z) w+ gv(w, z), 
defined as the second order mixed partial derivative of the function 
f(t ,  s)  :=  ~F2(v q- tw --k sz.) 
at the point (0, 0) 6 ]R x IR is an inner product. 
The pair (M, F) is called a Finsler manifold. Especially it is a generalized Berwald 
manifold if there exists a linear connection on the underlying manifold M such 
that the parallel transport preserves the Finslerian orm of the tangent vectors; see, 
e.g., [3,8] and [9] as recent papers on generalized Berwald manifolds. The Wagner 
manifolds form an important class of the generalized Berwald manifolds uch that 
the torsion tensor has a special form 
1 
T = ~(l ®df-d f® 1), 
z 
where f is a smooth function on the underlying manifold. Then we say that the 
Finsler manifi}ld & Wagnerian with respect o the Wagner connection induced by 
the l-form 
1 
fl := --~df. 
Taking the function f as the logarithm of a scale function we can conformally 
change the metric such that the resulting manifold is Berwaldian, i.e., there exists 
a linear connection preserving the Finslerian norm of the tangent vectors with 
vanishing torsion; for the details see M. Hashiguchi and Y. Ichijy6's original 
paper [4]. Further results are in [10] as a recent paper on Wagner or, by the 
Hashiguchi-Ichijy6 theorem, conformally Berwald Finsler manifolds. Foundations 
of Finsler geometry and special Finsler manifolds can be found in the classical 
monographs [7] and [6] due to H. Rund and M. Matsumoto, respectively. For a 
recent general work we can refer to the book [1] written by D. Bao, S.-S. Chern and 
Z. Shen. 
In their common paper [2] the authors have an interesting existence theorem of 
Wagner spaces of any dimension as follows: 
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Theorem 7. Suppose that a Riemannian space R ~ = (M n, or) has a covariant 
vector field bi (x ) satisfying 
bi;j = b2aij - bibj 
in the L~vi-Civita connection (yi jk (X)), where 
b 2 = bib i, b i =ai Jb j .  
Then a Finsler space F ~ = (M n, L(ot,/3)) equipped with any (or, ~3)-metric... is a 
Wagner space with respect tobi (x ). 
In terms of a coordinate-free language the problem can be formulated as finding 
a nontrivial 1-form/3 on the Riemannian manifold (M, or) such that 
(v/3)(x, Y) = 11/3~112c~(x, Y) -/3(x)/3(Y), 
where V is the L6vi-Civita connection of the Riemannian manifold and the vector 
field/3 ~ is defined by the formula 
o.,(/3~, x) =/3(x) 
as usual. The aim of our paper is to give a family of Riemannian manifolds 
admitting nontrivial solutions. As we shall see there are no further essentially 
different examples: all of them must be isometric to the product manifold N x R 
equipped with the Riemannian metric 
y(p,t)(v, v) = e2K2t oto(Trr(u), Trc(v)) + K 2 dp ® do(v, v), 
where ao is a Riemannian metric on the manifold N, the mappings 
zr :NxR- -+N,  p :Nx I~- -+~ 
are the canonical projections and K is a positive constant. In particular we 
investigate the case of the classical hyperbolic space. 
2. SOME GENERAL OBSERVATIONS AND THE SOLUTION IN CASE OF THE CLASS ICAL  
HYPERBOLIC SPACE 
Proposition 1. Suppose that the Riemannian manifold (M, or) has a nontrivial 1- 
form/3 such that 
(1) (V/3)(X, Y) = 11/3~LI2o~(X, Y) -/3(X)/3(Y). 
Then 
(i) the 1-form/3 is closed and, consequently, it has a local form/3 = d f ; 
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(ii) the vector field fl~ has constant length, i.e., 
11/3~11 -- K 
for some positive real number K; 
(iii) the integral curves of the vector field fl~ are geodesics; 
(iv) the level hypersurfaces with respect o the function f are totally umbilical; 
(v) for any vector fields X and Y 
R(X, Y)/3~ = K2(/3(X)Y - /3(Y)X) 
and, consequently, the sectional curvature is just -K  2 fl)r any 2-plane 
containing the vector field /3~. 
Proof, The first observation follows immediately from the vanishing of the exterior 
derivative of/3: 
d/3(X, Y) = (Vfl)(X, Y) - (Vfl)(Y, X) (=1) O. 
As a routine calculation shows, the condition (1) can be written into the form 
(2) ot(Vx/3 =, Y) = 11/3Zll2ot(X, Y) -/3(X)/3(Y). 
If Y =/3~ then we have that 
1 Xc~ ~ (/3,/3 ) = ot(Vx/3 ~,/3~) = o 
and the length of the vector field fl~ is constant provided that the manifold is 
connected. On the other hand if X =/3tI then we have that 
V~/3 ~ = 0 
and, consequently, the integral curves of the vector field/3~ are geodesics. Let p 6 M 
be an arbitrary point and consider a connected open neighbourhood U around p 
such that we have the local expression 
/3 =df ;  
then, of course, the vector field fl~ is just the gradient of the function f .  Since/3 
is nontrivial, it follows that K is a nonzero constant and the function f is regular 
at any point q ~ U. Moreover its gradient vector field has constant length which 
means that the shape operator reduces to the following simple form 
1 ~ 1 
s(x) := Vx~/3  = ~Vx/3 ~ = KX, 
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where X is tangential to the level hypersurfaces. The proof of our final observation 
is a straightforward calculation; using Eq. (2) and (ii) it follows that for any vector 
field Y 
(3) Vyfl ~ = K2y - fl(Y)flg. 
Therefore 
VXVyf l  ~ -~ K2Vxy  -- X t~(y)~ ~ - ~(Y) (K2X - fl(X)[3 ~) 
and, consequently, 
R(X,  Y)fi~ = K2T(X,  Y) - dfl(X, Y)fl~ + K2(f i (X)Y - f i (Y)X) ,  
where T is the torsion of the Lrvi-Civita connection and d/3 denotes the usual 
exterior derivative of/% According to the observation (i) we have the equation 
R(X,  Y)fl~ = K2(f l (X)Y - f l (Y)X)  
immediately. 
Example 1. If we want to find solutions of Eq. (1) in case of the Riemannian 
manifolds with constant sectional curvature, the observation (v) implies that the 
only possible choice is to consider the hyperbolic space. In what follows we use the 
upper-half-space model, i.e., the manifold 
H n :=  {(x1 . . . . .  Xn) E~ n IXn >0]  
equipped with the metric 
1 
Ot := g---~Xn2S, 
where ~ denotes the standard euclidean inner product. As we can see (H n, a) is 
conformally equivalent to the euclidean space and, consequently, their umbilical 
hypersurfaces coincide: they are the part of a (euclidean) sphere or a hyperplane. On 
the other hand, the integral curves of the normal vector field/3~ must be geodesics 
of the hyperbolic space. Therefore we are going to look for it of the well-founded 
form 
f l~=h 0 
Ox n 
where h is a smooth function on the manifold H n. The equation 
K 2 = ot(fll~,/~I~) = h 2 1 
K2xZ n 
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implies that 
~=_4_K2x  n O =¢~ ~=+ ldxn. 
OX n X n 
In terms of the global coordinate system (x 1 . . . . .  x n) we have the equation 
where 
O O = -4- lnx n 
(V~)  Oxi, OxJ OxiOxJ - F~ lnx  n 
xn ij ] ' 
n ( 0 0 0 ) 2  1 Vij = ~ Olnk ~xiOl Jk  '[- OX---fO~ki -- ~xkOl i j  = -- ~na j  + ~-~(~ij 
as a routine calculation shows. I f  we choose the sign " - "  for the l-form /~, the 
relation 
(Vfl) OX i OX j = K2ot -- fl fl 
follows immediately. This means that the exterior derivative of any function 
f := - lnx  n + const. 
satisfies Eq. (1). Further solutions can be generated as compositions of the function 
f with isometries of the hyperbolic space. In case of dimension 2 we have a slightly 
modified argumentation to conclude that the levels of any suitable function f are 
parts of(euclidean) circles or lines. Since dim n n = 2, they are curves. Let c be one 
of them parameterized byarclenght with respect to the metric or. Differentiating the 
equation 
u(¢~, ~) = 0 
it follows that 
ot(7c~, fl~) = --or (~, Veil ~) (3) _K2. 
Therefore the relation 
holds along the curve c and, consequently, its curvature function is constant: 
IlVc,~ll = K ;  
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note that the norm is taken with respect to the metric ~. Of course the same is true 
for any level co of the basic solution fo := - lnx  2 which means that 
c= F oco, 
where F is an isometry of the hyperbolic plane. Since Im co is the part of a 
(euclidean) line we have that Im c is the part of a (euclidean) circle or a line as 
was to be similarly stated in the higher-dimensional cases via the characterization 
of the umbilical hypersurfaces. 
Proposition 2. The solution f o f  Eq. (1) with d f = ~ has the local expression 
f (y )  = f (x )  + ln(cosh Kd(x ,  y) + cos / (/3x ~, expx 1 (y)) sinh Kd(x ,  y)) 
on a normal neighbourhood o f  any f ixed point x. 
Proof. Consider a geodesic urve c starting from the point x; since 
Vc~ tl = K2[: - ( f  o c)' fl ~ 
it follows that 
( f  o c)" = KZlIvll 2 - ( f  o c) '2, 
where ~(0) = v. Therefore 
f o c(t) = f o c(O) + ln(cosh K II v lit + cos / (¢~x ,v) sinh K tl v Ill) 
as was to be stated in terms of the exponential map. [] 
Remark 1. Consider an orthonormal basis 
bl . . . . .  bn-l ,  bn := "--~ flx 
of the tangent space Tx M equipped with the induced coordinate system (x 1 . . . . .  x n). 
Since 
d(x, y)= Ilexpxl(y)ll 
we have that for any constant C the equation 
xn sinh K~/ixl) 2 +. . .  + (xn) 2 
eC = ]ix1)2 +. . .  + (x.)2 
q-cosh K~/(xl) 2 -t-"""-k- (xn) 2 
gives a hypersurface corresponding to one of the levels with respect o f via the 
exponential map. It can be easily seen that these hypersurfaces are rotationally 
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Figure 1. The intersection with the coordinate plane (x, z). 
4 6 
invariant in the first n - l coordinates. The intersection with any coordinate plane 
(x := x' ,  z := x n) is illustrated by Fig. 1 under the conditions C = -4 ,  -2 ,  0, 2, 4 
and K = 0, 8. 
3. A STRUCTURE THEOREM FOR THE RIEMANNIAN MANIFOLDS ADMITTING 
NONTRIVIAL SOLUTIONS 
Proposition 2. Let ( M, or) be a Riemannian manifold and suppose that the exterior 
derivative ~ = d f of the function 
f :M- -+R 
satisfies Eq. (1). If the gradient vector field fl~ is complete then its flow restricted 
on the product of the level hypersurface N := f - I  (0) and the entire real line is a 
diffeomorphism onto M. 
Proof. By the observation (ii) of  Proposition 1 we have that 
E~ d f (X) = fl~(X f )  - [fl~, X ] f  = X (fl~ f )  = X(K  2) = 0 
and consequentl~ 
(4) F_.~ d f  = O. 
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In terms of the tth stage q)t of the flow, it can be written in the form 
% df  = df; 
it is obviously satisfied for any real number t 6 N. Therefore, for any point x ~ M 
(5) f o ~ot (x) - f (x )  = h (t) 
for some smooth function h : II~ --+ N. Differentiating by t it follows that 
K 2 = h'(t) 
and the formula 
(6) f o ~ot(x) - f (x )  = K2t 
shows how the function f can be evaluated along the integral curves of the vector 
field fl~. Consider now the restricted flow 
• :NxN- -+M,  ~(p,t):=~ot(p). 
Using the evaluating formula (6) it can be easily seen that 
g/: M ---~ N x N, qJ (x) := (qo_ K(y~22)(x), f (x )~ --kT]' 
is just the inverse of the mapping as. [] 
Theorem 1. Let (M, el) be a Riemannian manifoM and suppose that the exterior 
derivative ~ = d f of the function 
f :M--+N 
satisfies Eq. (1). I f  the gradient vector field fl~ is complete then (M, or) is isometric 
to the product manifold N x IR equipped with the Riemannian metric 
)/(p,t)(I3, V) ~- e2K2t oto(TYr(I)), Tyr(v)) + K 2 dp ® dp(v, v), 
where Oto is the induced metric on the level hypersurface N := f-~(O) and the 
mappings 
rr : N x IR---~ N, p :N  xlR--~ N 
are the canonical projections. Conversely, i f(N, C~o) is a Riemannian manifold then 
the exterior derivative of the function 
f : N x IR --~ IR, f (p ,  t) := K2t, 
satisfies Eq. (1) with respect to the Riemannian structure y on the product manifold 
N x R and its gradient vectorfieM is complete. 
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Proof. Consider the restricted flow 
~:N x~- -~ M 
of the vector field fl~. According to Proposition 3 it is a diffeomorphism and 
(~*~) = × 
as we are going to prove. Let v e T(p,t)N x ~ be an arbitrary tangent vector and 
consider the (unique) expression 
U~Wq-Z 
where 
dp(w)---O and Tzr(z) =0.  
After introducing the curve 
c:R--+ N xR ,  c (s ) :=(p ,s ) ,  
the tangent vector z can be written into the form 
z = dp(v)b(t).  
On the other hand 
o c(s) = ~Ps(p) = cp(s), 
where Cp is the integral curve o f /~ starting from the point p. Therefore 
T ~(z)  = dp(v)fl~cp(t) 
and, consequently, 
(7) (d~*et)(p,t) (z, z) = K 2 dp® dp(z, z) = K 2 dp ® dp(v, v). 
Consider now a curve c : ll~ ~ N such that 
~(0) = Tzr(w); 
using the simple lifting process 
a(s) = (c(~), t) 
we have that c(O) = w. On the other hand 
f o ~ o ?(s) = f o ~Pt o c(s) (6) f o c(s) + K2t = K2t. 
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Differentiating by s it follows that 
TCb(w) f  = 0 
and, consequently, 
(8) (~*~)(p,~)(w, z) = O. 
Let h be an arbitrary smooth function on the manifold M; then 
T * (w)h  = w(h o * )  = (h o * o ~)'(0) = (h o ~ot o c)'(O) = T~ot(b(O))h. 
This means that 
(9) (**a)(p,t)(w, W) = ((fl;O0p @(0), ~'(0)). 
In order to compute the right-hand side of the previous equation we need the Lie- 
derivative of the metric with respect o the vector f ield/~. An easy calculation 
shows that for any vector field X and Y 
(10) (£t~a)(x, Y) = ~(Vxt~ , Y) + o~(v~/~, x)
(=1) 2(K2c~(X ' y)  _ f l (X) f l (Y) ) .  
Let us introduce the auxiliary function 
*0/ h:IR--->IR, h(s):=(~Os )x(Y,Y) ,  
where y is an arbitrary tangent vector of the manifold M at the point x. Since 
(£oga)(y,  y) = lim ! ((~0*Ot)x - Otx)(y, y), Px r--->O 
it follows that 
h'(s) = ~olim (h(s + r) - h(s)) = r--+olim r ((~Os+rOOx - (~o*ot)x)(y, y) 
= (lira 1(%*~- ~)) (Tqos(y) ,Tqos(y) )=(qo2£c~)x(y ,y)  
kr-~0 r ~Os(X) 
= 2(K2h(s)  _ •2(y)) 
using Eqs. (4) and (10). Therefore 
1 (1 - JK2s)t~2(y) h(s) = e2K2Sh(O) + --~ 
Since f o c = 0 we have that f12 o ? = 0 and, consequently, 
(1 1) (qg?Ot)p @(0), ~(0)) = e2K2totp@(O), c(O)) = e2K2totp(Tyr(w), Tzr(w)). 
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The relations (7), (8) and (11) show that the pull-back metric is of  the stated form. 
In order to prove the converse statement consider the vector field/4~ acting on any 
smooth function h as follows: 
h(p, t + s) - h(p, t) 
flgp,t)(h) :=  lim 
s--~0 S 
An easy calculation shows that it is just the gradient vector field of  the function 
f := KZp with respect o the metric y. Moreover, the mapping 
~0s :N x R---* N x II~, ~Os(p,t):=(p,t+s), 
is the sth stage of  the flow of  the vector field fl~. By the help of a straightforward 
calculation we have that 
h(s) := (~o~, ×)~p,,)(v, v) = e2K2~'+"~o(T~r(v), TJr(v)) + KZ dp ® dp(v, v) 
= e2K2sy~p,t)(v, V) + K2( I  - e2KZs)dp ®dp(v, v) 
= eZK2sh(O) q- ~(1  - -  e2K2s)/42(V), 
where/4 = df. Therefore 
h' (s) = 2(KZh(s) -/42(y)) 
and, consequently, 
(/2/3; y)(X, Y) = 2(K2y(X, Y) - fl(X)fl(V)). 
On the other hand 
(£t~y)CX, Y) = YCVxfl ~, Y) + yCVrfl I/, X) = 2yCVxfl ~, Y) 
because the Hessian of  any function f is self-adjoint with respect o the metric. [] 
Corol lary I. Let (N, oto) be an arbitrary Riemannian manifold and consider the 
mapping 
• - '  : N x ll~+ --+ N x R, ~-'  (p, t) := (p, K----~h(t)), 
where h is a diffeomorphism of the positive real numbers onto the entire real line. 
i f  
}'~p,t)(v, ) := e2KZt ao(Trr(v), Trr(v)) + K2 dp ® dp(v, v), 
then the manifold N x ]R + equipped with the metric 
1" h'(t) 2 
(~-  V)(p,t)(v, v) =eZh(t)oto(Tyr(v), Tyr(v)) q- ~- -dp  ® dp(v, v) 
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has the nontrivial solution 
f (p ,  t) = h(t) 
of  Eq. (1). 
Remark  2. By the help of Corollary 1 we can easily reproduce the standard 
Riemannian structure with constant sectional curvature -K  2 on the manifold 
M + :=  ]~n-1 x ]~+ 
together with a nontrivial solution; see Example 1. 
Proposition 4. Let (N, Oto) be a Riemannian manifold and consider the product 
manifold M := N x IR equipped with the metric 
y(p,t)(v, v) = e2K2t oto(Tzr(v), Tzr(v)) + K 2 dp ~ dp(v, v), 
where the mappings 
zr:N x R -*  N, p:NxN- - - * IR  
are the canonical projections and K is a positive constant. The Riemannian 
manifold (M, y) is complete if and only i f (N,  oto) is complete. 2 
Proof. I f  (M, F) is complete then its any closed submanifold is automatically 
complete in the induced metric which coincides the Riemannian metric Oto in case 
of the manifold N. In order to prove the converse statement we recall that 
c: [0, cx~) ~ M 
is a divergent curve if for any compact set K C M there exists a parameter tosuch 
that c(t) gt K for any parameter t > to. The manifold M is complete if and only if 
the length 
t 
lim fll cs ll 
t-+ OO J 
0 
of any divergent curve is unbounded. Suppose that c is a divergent curve of the 
Riemannian manifold (M, g). Since 
> 
2 
2 This result was suggested tothe author by J.J. Duistermaat. 
141 
we have that 
(i ) fll Cs)llds>  1 eK2p°c(s~llc(s)l[ds+g [(poc)'fs)lds , /5  -2 ' 0 0 
where ~" := zr o c. I f  
t 
lim f I( o 
t - -~  ] 
0 
is unbounded then the length of c is obviously unbounded. In what follows we 
suppose that 
t 
lira f l (poc) ' ( s ) lds  : A < ~x~. 
I---~ oo j 
0 
Since 
oJ [ (poc) ( t ) -  p o c(O)[ = (poc)'(s)ds 
l 
f l(p oc)'(s)[ds <~ A 
0 
we have that 
-A  + p oc(O) <~ p oc(t) <~ A + p oc(O) 
and, consequently, both the function IP o cl and its exponent eK2p°c is bounded. 
Therefore the only possible way for the curve c to escape the compact set 
K :=Ko× [ -A+poc(O) ,A+poc(O) ]  
is that the projected curve g escapes the compact set Ko C N. This implies g to 
be a divergent curve of the Riemannian manifold (N, Uo) which means, by the 
assumption of its completeness, that the first member of the integral formula for 
the length of c is unbounded and the Riemannian manifold (M, F) is complete as 
was to be stated. [] 
4. AN EXAMPLE:  F INSLER MANIFOLDS OF RANDERS-TYPE 
Definition 1. Consider a Riemannian manifold (M, F) together with a nonzero 
1-form fl on the underlying manifold such that 
/~(v) 
sup - -  < 1, 
vcT-m F,(V) 
where TM is the set of nonzero tangent vectors and F,(v) := ~/F(v, v). The 
Randers manifold constructed from (M, F) by perturbation with fl is defined as 
a Finsler manifold (M, F), where F := F, +/3. 
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Example 2. Let (N, Oto) be a Riemannian manifold and consider the product 
manifold M := N x IR equipped with the metric 
y(p,t)(V, V) = e2K2t oto(T:rr(v), Tzr(v)) + K2 dp ® dp(v,  v), 
where the mappings 
J r :Nx~- ->N,  p :N×~- -~R 
are the canonical projections and the positive constant K is less than 1. In view 
of the existence theorem of Wagner manifolds, the Randers manifold constructed 
from (M, y) by perturbation with fl := K2dp is Wagnerian. 
Remark 3. By the help of a straightforward calculation we have that the geodesic 
spray S of the Randers manifold constructed in Example 2 can be expressed as 
follows: 
K2 F 2 _ ~2 
(12) S = S z F C, 
where S× is the geodesic spray of the Riemannian manifold and C is the canonical 
Liouville vector field; see, e.g., [1, p. 296]. This is the well-known relation between 
projectively equivalent sprays and, consequently, the Randers manifold (M, F) and 
the Riemannian manifold (M, y) are projectively equivalent. In other words their 
geodesics coincide up to a strictly increasing repararneterization 0. Let c be a 
geodesic parameterized by arclenght of the Riemannian manifold. According to 
the formula (12) i f0 satisfies the differential equation 
0 't K 2 -- 1~ 2 o ~" 
0 '2 F o 
o0, 
then the curve ? := c o 0 is a geodesic of the Randers manifold; for the details see 
[5]. As we have seen in Proposition 2
( f  o c ) "= K21iu[[ 2 - ( f  o c) t2, 
where b(0) = v and df  = ft. Since F = F, + fl it can be easily seen that the 
differential equation for the reparameterization 0 reduces to the form 
eC1 
(13) 0' = 
l +( f  oc)' oO" 
By the separation of the variables it follows that 
0 (t) + ln(cosh K 0 (t) + cos / (/3~, v) sinh K0 (t)) = e c~ t + C2, 
where c(0) = x, Ca and C2 are arbitrary constants. 
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Proposition 5. Let (N, do) be a Riemannian manifold and consider the product 
manifold M := N × R equipped with the metric 
y(p,t)(U, 1)) = e2K2t oto(TN(v), Tyr(v) + K 2 dp ® dp(v, v), 
where the mappings 
Jr : N × ]~--+ N, p : N × R --> R 
are the canonical projections and the positive constant K is less than 1. The 
Randers manifold constructed from (M, y) by perturbation with [3 := K 2 dp is 
geodesically complete (/and only (['the Riemannian man([bld (M, y) is geodesically 
complete. 
Proof. As we have seen in Remark 3, the geodesic sprays are projectively equiva- 
lent. Therefore the geodesics coincide up to a strictly increasing reparameterization 
0. It is given as the solution of the differential equation (13) in the implicit form 
O(t ) + ln(cosh K O(t) + cos/([3x ~,v) sinh K O(t) ) = e C' t + C2, 
where CI and C2 are arbitrary constants, v is a tangent vector at the point x ~ M. 
For the sake of simplicity we put 
C1 = 1, C 2 =0.  
By the help of the standard calculus it can be easily seen that the function 
tl: ~ --+ R, O(s) := s + ln(cosh Ks + cos/(3x ~, v) sinh Ks), 
is strictly increasing and it maps/1~ onto the entire real line. Therefore the same 
is true in case of its inverse function 0 = r/-1 which means that they preserve the 
maximality of the set of parameters on which the geodesics are defined and the 
completeness is equivalent. [] 
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